Let D m be the ring of integers of an imgainary quadratic field Q(-&m) with m#3 (mod 4). Then there are indecomposable positive definite hermitian D m -lattices of given rank n and given discriminant d with exactly eight exceptions if n{2 and six exceptions if n=2 and assume the generalized Riemann hypothesis. In these exceptional cases there are no lattices with the desired properties. In particular, this result holds without assuming the generalized Riemann hypothesis, if the square-free m#&1 (mod 8) or m#&1 (mod 12) or the class number of Q(-&m) is unity.
INTRODUCTION
In this paper we study the construction of indecomposable positive definite hermitian forms over the ring of integers of an arbitrary imaginary quadratic field. The analogous problem for positive definite quadratic forms has been investigated by Erdo s and Ko [1] , O'Meara [14] , and Zhu and Shao [18] . In 1978 Smith [6] studied the construction of indecomposable positive definite hermitian forms over the ring of integers in imaginary quadratic fields Q(-&m) for dimension 14. On the other hand, in 1991 Hoffmann [2] gave the construction of indecomposable unimodular hermitian lattices over Q(-&m) of rank 3 and there is an error in the case Q(-&15) [2, Theorem 8.1] In 1990 1995 Zhu [9 11, 14] gave the construction of indecomposable positive definite odd unimodular integral hermitian lattices over Q(-&m) of any rank n and square-free m with exactly 13 exceptions. In particular, Zhu [7, 13] gave the necessary and sufficient condition for the existence of even positive definite unimodular hermitian forms and the method of construction of all such even indecomposables.
The principal aim of this research is to give effictive methods of constructing idecomposable positive definite integral hermitian forms over Q(-&m) of arbitrary rank and discriminant and determine the exceptional cases. There are two methods of construction and one is obtained from lifting (by tensor product) indecomposable quadratic Z-lattices to indecomposable integral hermitian lattices over Q(-&m). Further, our other constructions will produce indecomposable hermitian lattices which do not come from lifting indecomposable quadratic lattices.
Terminology and notations are generally those from O'Meara [3] and Zhu [17] .
MAIN RESULTS
Let F=Q(-&m) be an imaginary quadratic field and D m the ring of integers of F, where m is a positive square-free integer of Z. Let V be a positive definite hermittian space over F equipped with sesquilinear form , and its associated hermitian form H. Let the mapping : Ä :Ä denote the complex conjugation in F. Then V is a finite dimensional vector space over F satisfying ,(x+y, z)=,(x, z)+,( y, z), ,(:x, y)=:,(x, y),
for all x, y, z # V and : # F, and This theorem and its corollary are the analogies of O'Meara Zhu Shao's theorems [4, 18] on integral quadratic forms over Z. Note that all these 19 exceptions occur only in the Eucledean ring D m , i.e. when m=1, 2, 3, 7, 11. Since we have proved the theorem for the unimodular case (d=1) [9 11, 14] , the case m 3 (mod 4) [17, 20] and the special cases m=3, 7, 11, 15, 19, 43, 67, and 163 [12, 15, 16, 19] , it suffices to give the proof for the case m#3 (mod 4) with d>1 and m 23. In the following we always assume that m#3 (mod 4) and D m =Z[% m ] with % m = 1 2 (1+-&m). Remark. The exceptions given in Theorem 1 for the case m=3, n=4 are different from that given in [9, Theorem 2] and [17, Theorem 3] , since in [9, Theorem 2] an exception for m=3, n=4, d=2 is missed. Moreover, the indecomposable D 3 -lattice L 4, 2 given on p. 297 of [9] is incorrect, since L 4, 2 represents unity.
3. SOME LEMMAS Lemma 1. Let m#3 (mod 4). For any given natual numbers n 4, d>1 and square-free m 23, except n=4 with d#0, 1, 2 (mod 4) and n=5 with d#1 (mod 4), there are indecomposable positive definite hermitian D m -lattices of rank n and discriminant dL=d.
Proof. Let M be the D m -lattice on an n-dimensional hermitian space V over F with M$(d ) = I n&1 in the base [x 1 , ..., x n ], where I n&1 is the identity matrix of order n&1. The remainder of the proof will be divided into two cases depending upon the various possibilities for d and n modulo 4. We consider first those possibilities listed in Table I . For each of the cases appearing there, let r and n 0 be chosen as indicated. Now let where n n 0 , *=1+2% m , +=2% m , and r is as indicated in Table I . Since
Then it is routine to show in all the various cases that
hold for all n n 0 . Clearly L is positive definite. Next, we show that L does not represent 1. Suppose on the contrary that H(z)=1 for some z # L, where z= :
where N(:) denotes the norm of : # Q(-&m). From (1) we deduce that
where * , +Ä are the complex conjugates of *, +, respectively. Hence
From (4) we deduce that dN(
From (3) and (5) with n 5 and d>1, we deduce that the left-hand side of (3) is equal to or greater than 
and so N(' n ) 1.
. From (7) we deduce
Hence N(n j )=0 and so ' j =0 for j=2, ..., n&1. From (5) we obtain \ n = &=, \ j =0 ( j=3, ..., n&1) and
and so N(' n&1 ) 1. Proceeding on as above, we can finally prove that (7) is insolvable for all \ j # D m .
Hence the D m -lattice L does not represent 1.
Thirdly, we will show that L is indecomposable. Suppose, on the contrary, that L=K = P. Consider the set of n&1 linearly independent vectors over D m :
which, by (1) , is the same as the set of vectors y 2 =x 2 &x 3 , ..., y r&2 =x 2 &x r&1 , y r&1 =x 2 &x 3 +x r , y r =&x 2 +x r+1 , ..., (8$) y n&1 =&x 2 +x n , y n =x 2 +x 3 .
Since each vector y j in (8$ ) has length 3, ,( y j , y j+1 ){0 for 2 j n&1 and 1 Â H(L), all these y j (2 j n) must belong to the same component K say, of the orthogonal splitting of L. In view of all vectors of (8$ ) being orthogonal to the vector
Hence there are indecomposable positive definite D m -lattices of rank n n 0 with n#n 0 (mod 4) and dL=d>1, where the values of n 0 and d are listed in Table I .
The remaining possibilities for n and d modulo 4 are listed in Table II , along with corresponding values of r and n 0 . In these cases, we consider a new lattice
where the z i 's are defined by (1) with n n 0 , *=1+2% m , and +=1. Then K has discriminant dK=dM=d. Write a=H(z 1 )= 1 4 ((m+4) n&(m+3) r+ d&1). Then it is routine to show in all the various cases that
hold for all n n 0 . Next, we can show that K does not represent (1) by the same argument as the case for L, but replacing the inequality (6) by For the indecomposability of K, we consider, in place of (8), the following set of n&1 linearly independent vectors z 3 , ..., z r&1 , z r , % m z 2 &z r+1 , ..., % m z 2 &z n , z 2 &z 3 (9) which by (1) with *=1+2% m and +=1, is the same as the set x 2 &x 3 , ..., x 2 &x r&1 , x 2 &x r , &x 2 +x r+1 , ..., &x 2 +x n , x 2 +x 3 . Each vector of (9$) has length 2 and is orthogonal to x 1 and any two adjacent vectors of (9$ ) are nonorthogonal. Suppose K splits. Then, in view of 1 Â H(K ), all the vectors of (9$ ) belong to the same component of the orthogonal splitting of K. By the same argument as in the previous case for L we can show that K is indecomposable.
Hence there are indecomposable D m -lattices of rank n n 0 with n#n 0 (mod 4) and dK=d>1, where the values of d and n 0 are listed in Table II. Combining the above results, we complete the proof of Lemma 1.
The minimum of a hermitian D m -lattice L with respect to its associated hermitian form H is the value Next, we show that if L splits, then aÂc divides ;. Suppose L=P = M. Since e 2 , ..., e n are irreducible in L, each e j # M or e j # P. But ,(e j , e j+1 ){0 for 2 j n&1. Hence all these e j are in M, say, and so rank (M) n&1. If e 1 is irreducible in L, then e 1 # M, since ,(e 1 , e 2 )=;{0. Hence L=M is indecomposable. If e, is reducible in L, then there are nonzero vectors x, y # L such that e 1 =x+y and ,(x, y)=0. We can assume that 0{x # P and 0{y # M. Then ,(x, e j )=0 for j=2, ..., n, and ,( y, e j )= { ; 0 if j=2 if j=3, ..., n. Now we claim that y, e 2 , ..., e n are linearly dependent over F. For if they are linearly independent over F, then [y, e 2 , ..., e n ] forms a base of M and rank(M)=n, and, hence, L=M is indecomposable. This establish our claim. Hence we can write y=\ 2 e 2 +\ 3 e 3 + } } } +\ n e n with all \ j # D m since y # M. Then the system of equations ,( y, e 2 )=;, ,( y, e j )=0 ( j=3, ..., n)
reduces to
which is a system of n&1 linear equations in n&1 unknowns with determinant a=det A{0. By Cramer's rule, its solution is
Since there is one | j , say | n # Z and (| n , a)=c we can deduce that aÂc divides ;. Hence L is indecomposable. The result for the n=2 case is clear. This completes the proof of Lemma 2. with respect to the base [e 1 , e 2 , e 3 ]. If min L>3, and both : and 10 do not divide ;, then L is indecomposable.
Proof. Now a=20, | 2 =6, c=(| 2 , a)=2, and aÂc=10 does not divide ;. Moreover, ,(e 2 , e 3 ){0 and e 2 , e 3 are irreducible in L since Min L>3, H(e 2 )=4, and H(e 3 )=6. By Lemma 2, L is indecomposable.
Similarly we can prove the following corollaries. of rank 5 is indecomposable.
Lemmas 1 and 2 give explicit constructions of indecomposable positive definite hermitian forms over D m of given rank and discriminant. In the following we give another construction by lifting indecomposable quadratic forms over Z constructed by O'Meara [4] and Zhu and Shao [18] .
Lemma 3 [11] . If L is an indecomposable positive definite quadratic Z lattice, then L Z D m is an indecomposable positive definite hermitian D m -lattice.
Zhu and Shao [18] showed recently that there are binary indecomposable positive definite quadratic Z-lattices of given discriminant dL=d, 
are the only exceptions. Peters [5] shows recently that the list (10) of 18 exceptions is complete, assuming the generalized Riemann hypothesis; otherwise there might exist at most one further exception dL>2_10 11 , d 0 say. Hence by O'Meara [4] , Zhu and Shao [18] , Peters [5] , and Lemma 3, we have 
PROOFS OF THEOREM 1 AND ITS COROLLARY
Proof of Theorem 1. The case n=1 is trivial. Let us consider n 2. In view of [14 17, 12, 19] and Lemmas 1 4, we need only show that there are indecomposable positive definite hermitian D m -lattices L n, d of rank n and dL=d>1 with m#3 (mod 4) and m 23, where the values of n and d are exhibited in Table IV . In the following we write m=4g&1, %=% m = 1 2 (1+-&m). Note that %+% =1, -&m=2%&1, and %% =g= ) of discriminant d is indecomposable.
Proof. As min L>1 and 2 |% %, the result follows from Corollary 1 of Lemma 2 with n=2, 1 1 =2, := Proof. If L splits, then from dL=2, L would be ( 1)=( 2). But L does not represent 1 and, hence, L is indecomposable.
Similarly we can show that M is indecomposable by dM=4 and min M>2.
The above propositions cover all cases that need to be considered to complete the proof of our Theorem 1 in the case n=2.
Next, consider the case n 3. Since the procedure of construction is routine as in the case n=2, we only indicate in Table V the number of the corollary to Lemma 2 which will produce the required indecomposable for each relevant pair (n, d), and we omit the details.
To illustrate the procedure of constructing indecomposable positive definite hermitian D m -lattices we give an example, L 3, 6 , say.
By Corollary 2 with n=3 and d=6, we can deduce that :=2t+6 and N( ;)=5t+12 with t # Z. (3, 5) , (3, 9) , (3, 11) , (3, 15) 4 (3, 6), (3, 14) 5 (4, 6), (4, 10) (ii) X 1 =1. From h(x)=1 we deduce that Remark. In [19] , without assuming the generalized Riemann hypothesis, we have fairly recently proved a more precise result. Let the class number of the imaginary quadratic field Q(-&m) be unity. Then there exist binary indecomposable positive definite hermitian D m -lattices of given discriminant d, but for the seven exceptions listed in Theorem 1.
